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Set G = ASL(2,R) = SL(2,R)⋉R2,

with (M1, ~v1)(M2, ~v2) = (M1M2, ~v1M2 + ~v2).

G acts from the right on R2 by affine linear maps:

~y(M,~v) = ~yM + ~v, for (M,~v) ∈ G, ~y ∈ R2.

Set Γ = ASL(2,Z) = SL(2,Z)⋉ Z2;

X = Γ\G;

µ = Haar measure on G; µ(X) = 1.

X is a torus bundle over Y = Γ0\G0 = SL(2,Z)\SL(2,R).

Projection map X → Y , Γ(M,~v) 7→ Γ0M.

Fiber over Γ0M: {Γ(12, ~v)M : ~v ∈ Z2\R2}.



X can be identified with the space of affine unimodular lattices in R2, through
Γg 7→ Z2g, i.e. Γ(M,~v) 7→ Z2M + ~v



OR: X may be identified with the space of pairs{
(L, ~v) : L unimodular lattice in R2, and ~v ∈ R2 mod L

}
.

~v



Unipotent orbits in X

Set

u(x) :=

(
1 x
0 1

)
=

((
1 x
0 1

)
, (0, 0)

)
; an Ad-unipotent subgroup of G.

But there exist other Ad-unipotent subgroups not conjugate to u(R):

x 7→
((
1 x
0 1

)
, (2αx, αx2)

)
any fixed α 6= 0.



Unipotent orbits in X

Set

u(x) :=

(
1 x
0 1

)
=

((
1 x
0 1

)
, (0, 0)

)
; an Ad-unipotent subgroup of G.

a(y) =

(√
y 0
0 1/

√
y

)
.

For any ~ξ ∈ R2, y ∈ R>0, consider the u(R)-orbit Γ
(
12, ~ξ

)
a(y)u(R) in X.

Note u(x)a(y) = a(y)u(x/y); hence Γ
(
12, ~ξ

)
a(y)u(R) = Γ

(
12, ~ξ

)
U(R)a(y) ,

and: projects to a closed horocycle in Y = SL(2,Z)\SL(2,R), length 1/y .

Do the a(y)-push-forwards of any fixed piece
{
Γ(12, ~ξ)u(x) : α < x < β

}

become asymptotically equidistributed in (X,µ) as y → 0?



Unipotent orbits in X
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; an Ad-unipotent subgroup of G.
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For any ~ξ ∈ R2, y ∈ R>0, consider the u(R)-orbit Γ
(
12, ~ξ

)
a(y)u(R) in X.

Note u(x)a(y) = a(y)u(x/y); hence Γ
(
12, ~ξ

)
a(y)u(R) = Γ

(
12, ~ξ

)
U(R)a(y) ,

and: projects to a closed horocycle in Y = SL(2,Z)\SL(2,R), length 1/y .

Do the a(y)-push-forwards of any fixed piece
{
Γ(12, ~ξ)u(x) : α < x < β

}

become asymptotically equidistributed in (X,µ) as y → 0?

Answer: Yes if.f. ~ξ /∈ Q2.



So, we have, for any ~ξ ∈ R2 \Q2, α < β, f ∈ Cb(X):

lim
y→0

1

β − α

∫ β

α

f
(
Γ(12, ~ξ ) u(x) a(y)

)
dx =

∫

X

f dµ.

(Consequence of Ratner’s measure classification; special case of Shah 1996;
cf. also Elkies & McMullen 2004.)

On the other hand, if ~ξ ∈ Q2, let q = d(~ξ), the “denominator” of ~ξ.
Then

{
Γ(12, ~ξ ) u(x) a(y) : α < x < β

}
is a piece of a closed horocycle

in the 3-dimensional homogeneous subspace

Xq :=
{
Γ(12, ~v)M : M ∈ SL(2,R), ~v ∈ Q2, d(~v) = q

}

∼= Γ1(q)\ SL(2,R),
and we have

lim
y→0

1

β − α

∫ β

α

f
(
Γ(12, ~ξ ) u(x) a(y)

)
dx =

∫

Xq

f dµq.



Effective result – using Margulis’ thickening technique?

We wish to prove that, if ~ξ /∈ Q2, then
1

β − α

∫ β

α

f
(
Γ(12, ~ξ ) u(x) a(y)

)
dx →

∫

X

f dµ, as y → 0,

with an explicit rate!

Note that the flow a(R×+) on X = Γ\G is HYPERBOLIC, with
unstable manifolds (for y → 0) generated by “

((
1 R
0 1

)
, (0,R)

)
”

(different rates of expansion!)

stable manifolds generated by “

((
1 0
R 1

)
, (R, 0)

)
”

(different rates of contraction!).

The thickening technique could certainly be applied to study a 2-dimensional
average,

1

|I| |J|

∫

I

∫

J

f
(
Γ(12, ~ξ ) u(x) a(y)

)
dx dξ2 as y → 0;

however for our 1-dimensional average it does not work.



Connecting with Dolgopyat’s (more standard) notation

Let G̃ =
{
(M,~v) : M ∈ SL(2,R), ~v column vector ∈ R2

}
, with multiplica-

tion (M1, ~v1)(M2, ~v2) = (M1M2,M1~v2 + ~v1).

Action G̃ × R2 → R2: (M,~v) u := Mu + ~v .

Let Γ̃ = G̃(Z).

Key claim: For (x, α) uniformly random in (R/Z)2, the distribution of the
random affine lattice

L
(x)
N,α =

(
N
1/N

)(
1 α
0 1

)(
Z2 +

(
x
0

))

=

(
N
1/N

)(
1 α
0 1

)(
12,

(
x
0

))
Z2

tends to “Haar” on G̃/Γ̃, as N →∞.



Anti-isomorphism:

J : G̃
∼−→ G; J

((
a b
c d

)
,

(
v1
v2

))
=

((
d −b
−c a

)
, (v2,−v1)

)

This comes from embedding G̃ and G in SL(3,R) through (M,~v) 7→
(
M ~v
0 1

)
,

resp., (M,~v) 7→
(
M 0
~v 1

)
, and then consider the anti-automorphism

g 7→
(
ω 0
0 1

)
gT

(
ω−1 0
0 1

)
of SL(3,R).

Using J, we get an identification map G̃/Γ̃
∼−→ X = G/Γ, Γ̃g 7→ J(g)/Γ.

This maps L
(x)
N,α in G̃/Γ̃ to

Γ
(
12, (0,−x)

)(1 −α
0 1

)(
1/N 0
0 N

)
= Γ

(
12, (0,−x)

)
u(−α)a(y) in X = Γ\G,

with y = N−2. Hence we get back the equidistribution statement for (x, α)
uniformly random in (R/Z)2.



But also, the more difficult (Shah 1996) equidistribution statement gives:

Theorem: Let VN(x, α, c) = #
{
1 ≤ n ≤ N : x + nα ∈ [−c/N, c/N]

}
.

Then for any fixed c > 0, fixed irrational x , and α uniformly random in any

fixed interval in R/Z, VN(x, α, c)
N→∞
=⇒ Y(c).



Effective equidistribution, for 1-dim unipotent in X = Γ\G

Theorem 1 (S, ’15) For any 0 < y < 1, ~ξ ∈ R2, α < β, f ∈ C8b(X):∣∣∣∣
1

β − α

∫ β

α

f
(
Γ(12, ~ξ ) u(x) a(y)

)
dx −

∫

X

f dµ

∣∣∣∣

≪ε ‖f ‖C8b
L

β − α
(
b~ξ,L(y) + y

1
4

)1−ε
,

where L = max(1, |α|, |β|) and

b~ξ,L(y) = max
q∈Z+
min

( 1
q2
,

√
y

Lq〈qξ1〉
,

√
y

q〈qξ2〉
)
.

(Here 〈 · 〉 =distance to nearest integer.)



Effective equidistribution, for 1-dim unipotent in X = Γ\G

Theorem 1 (S, ’15) For any 0 < y < 1, ~ξ ∈ R2, α < β, f ∈ C8b(X):∣∣∣∣
1

β − α

∫ β

α

f
(
Γ(12, ~ξ ) u(x) a(y)

)
dx −

∫

X

f dµ

∣∣∣∣

≪ε ‖f ‖C8b
L

β − α
(
b~ξ,L(y) + y

1
4

)1−ε
,

where L = max(1, |α|, |β|) and

b~ξ,L(y) = max
q∈Z+
min

( 1
q2
,

√
y

Lq〈qξ1〉
,

√
y

q〈qξ2〉
)
.

(Here 〈 · 〉 =distance to nearest integer.)
[
b~ξ,L(y)

y→0−−−→ 0
]
⇐⇒ ~ξ /∈ Q2.

[
b~ξ,L(y)≪ y δ as y → 0

]
, if ~ξ has Dioph. type K and δ = min(12, K

−1).

(Def: ~ξ is of Diophantine type K iff ∃c > 0: ∀q ∈ Z+: ∀~m ∈ Z2:
‖~ξ − q−1 ~m‖ > cq−K.)



Consequence for orbits of a FIXED point

Theorem 2 (S, ’15) For any g ∈ G, T ≥ 2, f ∈ C8b(X):∣∣∣∣∣
1

T

∫ T

0

f (Γgu(t)) dt −
∫

X

f dµ

∣∣∣∣∣≪ε ‖f ‖C8b
(
yg(T )

1
4 + bg(T )

)1
2−ε
,

where

yg(T ) = T
−1 · HeightY (Γga(T ))

and

bg(T ) = inf
{
δ > 0 :

(
∀q ∈ Z+≤δ−1/2 : (q

−1Z2)g ∩ 1
δq2

RT = ∅
)}

where RT = [−T−1, T−1]× [−1, 1].



Consequence for orbits of a FIXED point

Theorem 2 (S, ’15) For any g ∈ G, T ≥ 2, f ∈ C8b(X):∣∣∣∣∣
1

T

∫ T

0

f (Γgu(t)) dt −
∫

X

f dµ

∣∣∣∣∣≪ε ‖f ‖C8b
(
yg(T )

1
4 + bg(T )

)1
2−ε
.

yg(T ) = T
−1 · HeightY (Γga(T )) (cuspidal height in Y ).

Γg

logT

T

[
yg(T )

T→∞−−−−→ 0
]

⇐⇒
π(Γgu(R)) is not closed in Y .



Consequence for orbits of a FIXED point

Theorem 2 (S, ’15) For any g ∈ G, T ≥ 2, f ∈ C8b(X):∣∣∣∣∣
1

T

∫ T
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∫

X
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Consequence for orbits of a FIXED point

Theorem 2 (S, ’15) For any g ∈ G, T ≥ 2, f ∈ C8b(X):∣∣∣∣∣
1

T

∫ T

0

f (Γgu(t)) dt −
∫

X

f dµ

∣∣∣∣∣≪ε ‖f ‖C8b
(
yg(T )

1
4 + bg(T )

)1
2−ε
.

bg(T ) = inf
{
δ > 0 :

(
∀q ∈ Z+≤δ−1/2 : (q

−1Z2)g ∩ 1
δq2

RT = ∅
)}
,

where RT = [−T−1, T−1]× [−1, 1].
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bg(T )
T→∞−−−−→ 0

]

⇐⇒
Q2g ∩

(
{0} × R

)
= ∅.



Consequence for orbits of a FIXED point

Theorem 2 (S, ’15) For any g ∈ G, T ≥ 2, f ∈ C8b(X):∣∣∣∣∣
1

T

∫ T

0

f (Γgu(t)) dt −
∫

X

f dµ

∣∣∣∣∣≪ε ‖f ‖C8b
(
yg(T )

1
4 + bg(T )

)1
2−ε
.

If yg(T ) 6→ 0, bg(T ) 6→ 0: Γgu(R) closed.

If yg(T )→ 0, bg(T ) 6→ 0: Γgu(R) “=” Γ1(q)\ SL(2,R), some q ∈ Z+.

If yg(T ) 6→ 0, bg(T )→ 0: Γgu(R) is 2-dimensional.

For µ-a.e. g ∈ G:
(
yg(T )

1
4 + bg(T )

)1
2 ≪ T−18(1−ε) as T →∞.



Related results

Browning – Vinogradov (’16): For ũ(x) =

((
1 x
0 1

)
, (12x,

1
4x
2)

)
.

S – Vishe (’16): SL(2,R)⋉ (R2)⊕k , special orbits of u(x).

S – Södergren – Vishe (in progress) SL(2,R)⋉ (R2)⊕k , general orbits of u(x).

W. Kim (’21): SL(d,R)⋉ Rd (expanding translates of lifts of horospheres in
SL(d,R)).

Lindenstrauss – Mohammadi – Wang (’22): SL(2,R)×SL(2,R) and SL(2,C).

Lei Yang (’22): Special unipotent orbits in SL(3,R).

Lindenstrauss – Mohammadi – Wang – Yang (’24): (Other) special unipotent
orbits in SL(3,R).



Recall:

Theorem 1 (S, ’15) For any 0 < y < 1, ~ξ ∈ R2, α < β, f ∈ C8b(X):∣∣∣∣
1

β − α

∫ β

α

f
(
Γ(12, ~ξ ) u(x) a(y)

)
dx −

∫

X

f dµ

∣∣∣∣

≪ε ‖f ‖C8b
L

β − α
(
b~ξ,L(y) + y

1
4

)1−ε
,

where L = max(1, |α|, |β|) and

b~ξ,L(y) = max
q∈Z+
min

( 1
q2
,

√
y

Lq〈qξ1〉
,

√
y

q〈qξ2〉
)
.

(Here 〈 · 〉 =distance to nearest integer.)



Outline of proof of Theorem 1

Preliminary step: Replace “
∫ β
α · · · dx” by a smooth integral “

∫
R
· · · ν(x) dx”.

Theorem 1’ Fix 0 < η < 1 and ε > 0.

Then for any f ∈ C8b(Γ\G), ν ∈ C2c(R), ~ξ ∈ R2, 0 < y < 1:
∫

R

f
(
Γ (12, ~ξ) u(x) a(y)

)
ν(x) dx =

∫

Γ\G
f dµ

∫

R

ν dx

+Oη,ε

{
‖f ‖C8b‖ν‖

1−η
W1,1
‖ν‖η

W2,1
y
1
4 log(1 + y−1) + ‖f ‖C4bL‖ν‖L∞

(
b~ξ,L(y) + y

1
4
)1−ε

}
,

where L is the smallest real number ≥ 1 such that supp(ν) ⊂ [−L,L].



Outline of proof of Theorem 1
Step 1: Fourier decomposition in the torus T2 = Z2\R2

Given f ∈ C8b(X); view f as a left Γ-invariant function on G.

f ((12, ~ξ)M) = f ((12, ~ξ + ~n)M), ∀~ξ ∈ R2, M ∈ SL(2,R), ~n ∈ Z2,
viz., “~ξ lives in T2 = Z2\R2”.

Fourier expand w.r.t. ~ξ: f ((12, ~ξ)M) =
∑

~m∈Z2
f̂ (M, ~m)e(~m · ~ξ) ,

with f̂ (M, ~m) :=

∫

T2
f ((12, ~ξ)M)e(−~m · ~ξ) d~ξ. (M ∈ SL(2,R), ~m ∈ Z2).

e(x) = e2πix

The Γ-invariance of f implies: f̂ (TM, ~m) ≡ f̂ (M, ~m tT−1), ∀T ∈ SL(2,Z).



Outline of proof of Theorem 1
Step 1: Fourier decomposition in the torus T2 = Z2\R2

The Γ-invariance of f implies: f̂ (TM, ~m) ≡ f̂ (M, ~m tT−1), ∀T ∈ SL(2,Z).

The orbits of SL(2,Z) acting on Z2 by ~m 7→ tT ~m are:

{~0}, and
{
(m1, m2) : gcd(m1, m2) = n

}
for n = 1, 2, 3, . . . .

Hence: Set f̃n := f̂ (·, (n, 0)) for n ∈ Z≥0; these determine all f̂ (·, ~m)!

f̃0 is left SL(2,Z)-invariant, i.e. “lives on Y = SL(2,Z)\SL(2,R)”

∀n ≥ 1 : f̃n is left

(
1 Z
0 1

)
-invariant, i.e. “lives on

(
1 Z
0 1

)
\SL(2,R)”.



Outline of proof of Theorem 1
Step 1: Fourier decomposition in the torus T2 = Z2\R2

Set f̃n(M) := f̂ (M, (n, 0)) for n ∈ Z≥0 and M ∈ SL(2,R).

Now the Fourier expansion f ((12, ~ξ)M) =
∑

~m∈Z2
f̂ (M, ~m)e(~m · ~ξ) is collected

into:

f ((12, ~ξ)M) = f̃0(M) +

∞∑

n=1

∑

(c,d)∈Ẑ2
f̃n

((
∗ ∗
c d

)
M

)
e(n(dξ1 − cξ2)),

where Ẑ2 is the set of primitive vectors in Z2, and

(
∗ ∗
c d

)
∈ SL(2,Z) (any

choice).



Outline of proof of Theorem 1
Step 2: Evaluate ’horocycle integral’ in terms of f̃0, f̃1, f̃2, . . ..
Our integral:∫

R

f
(
Γ (12, ~ξ) u(x) a(y)

)
ν(x) dx

=

∫

R

f̃0

((√
y x/

√
y

0 1/
√
y

))
ν(x) dx

+

∞∑

n=1

∑

( cd )∈Ẑ2
e
(
n(dξ1 − cξ2)

) ∫

R

f̃n

((
∗ ∗
c d

)(√
y x/

√
y

0 1/
√
y

))
ν(x) dx.

Recall that f̃0 lives on Y = SL(2,Z)\SL(2,R). Hence:∫

R

f̃0

(
· · ·

)
ν(x) dx =

∫

Y

f̃0 dµY
︸ ︷︷ ︸
=

∫

X

f dµ

∫

R

ν dx +O
((
‖ν‖L1 + ‖ν ′‖L1

)
‖f ‖C4b y

1
2−ε

)
.

(cf. Flaminio & Forni, ’03 or S, ’13).



Outline of proof of Theorem 1
Step 2: Evaluate ’horocycle integral’ in terms of f̃0, f̃1, f̃2, . . ..

Remains to bound:
∞∑

n=1

∑

( cd )∈Ẑ2
e
(
n(dξ1 − cξ2)

) ∫

R

f̃n

((
∗ ∗
c d

)(√
y x/

√
y

0 1/
√
y

))
ν(x) dx.

Recall that f̃n lives onM :=
(
1 Z
0 1

)
\SL(2,R);

write f̃n(u, v , φ) := f̃n

((
1 u
0 1

)(√
v 0
0 1/

√
v

)(
cosφ − sinφ
sinφ cosφ

))

with u ∈ R/Z, v > 0, φ ∈ R/2πZ.

(
a b
c d

){
x + iy : x ∈ R

}
for c 6= 0,

in the u, v -plane:

(here a ≡ d∗ mod c , a multiplicative inverse of d)

1

c2y

a

c



Outline of proof of Theorem 1
Step 2: Evaluate ’horocycle integral’ in terms of f̃0, f̃1, f̃2, . . ..

For given n, c ≥ 1, wish to bound:
∑

d∈Z
(d,c)=1

e
(
ndξ1

) ∫

R

f̃n

((
∗ ∗
c d

)(√
y x/

√
y

0 1/
√
y

))
ν(x) dx

1

c2y

d∗

c



Outline of proof of Theorem 1
Step 2: Evaluate ’horocycle integral’ in terms of f̃0, f̃1, f̃2, . . ..

For given n, c ≥ 1, wish to bound:
∑

d∈Z
(d,c)=1

e
(
ndξ1

) ∫

R

f̃n

((
∗ ∗
c d

)(√
y x/

√
y

0 1/
√
y

))
ν(x) dx

︸ ︷︷ ︸

=

∫ π

0

f̃n

(
d∗

c
− sin 2φ
2c2y

,
sin2 φ

c2y
, φ

)
ν

(
−d
c
+ y cotφ

)
y dφ

sin2 φ

1

c2y

d∗

c



Outline of proof of Theorem 1
Step 2: Evaluate ’horocycle integral’ in terms of f̃0, f̃1, f̃2, . . ..

For given n, c ≥ 1, wish to bound:
∑

d∈Z
(d,c)=1

e
(
ndξ1

) ∫

R

f̃n

((
∗ ∗
c d

)(√
y x/

√
y

0 1/
√
y

))
ν(x) dx

=

∫ π

0

∑

d∈Z
(d,c)=1

e
(
dnξ1

)
f̃n

(
d∗

c
− sin 2φ
2c2y

,
sin2 φ

c2y
, φ

)
ν

(
−d
c
+ y cotφ

)
y dφ

sin2 φ

1

c2y

d∗

c



Outline of proof of Theorem 1
Step 2: Evaluate ’horocycle integral’ in terms of f̃0, f̃1, f̃2, . . ..

For given n, c ≥ 1, wish to bound:
∑

d∈Z
(d,c)=1

e
(
dnξ1

) ∫

R

f̃n

((
∗ ∗
c d

)(√
y x/

√
y

0 1/
√
y

))
ν(x) dx

=

∫ π

0

∑

d∈Z
(d,c)=1

ν

(
−d
c︸︷︷︸
+ y cotφ

)
f̃n

(
d∗

c︸︷︷︸
− sin 2φ
2c2y

,
sin2 φ

c2y
, φ

)
e
(
dnξ1

)
︸ ︷︷ ︸

y dφ

sin2 φ

Hence, the task is to bound
∑

d∈Z
(c,d)=1

g1

(d
c

)
g2

(d∗
c

)
e(dnξ1) ,

for g1 ∈ C2c(R), g2 ∈ C2(R/Z), and c ≥ 1 large.



Outline of proof of Theorem 1
Step 3: Proving cancellation in the sum

For g1 ∈ C2c(R), g2 ∈ C2(R/Z), c ≥ 1 large:

∑

d∈Z
(c,d)=1

g1

(d
c

)
g2

(d∗
c

)
e(dnξ1)

=
∑

d∈(Z/cZ)×

(∑

m∈Z
g1

(d
c
+m

)
e
(
c
(d
c
+m

)
nξ1

))

︸ ︷︷ ︸
say =

∑

j∈Z
aje

(
j
d

c

)

× g2

(d∗
c

)

︸ ︷︷ ︸

=
∑

k∈Z
bke

(
k
d∗

c

)

=
∑

j∈Z

∑

k∈Z
ajbkS(j, k ; c),

where S(j, k ; c) is the Kloosterman sum, S(j, k ; c) :=
∑

d∈(Z/cZ)×
e
(
j
d

c
+ k
d∗

c

)



Outline of proof of Theorem 1
Step 3: Proving cancellation in the sum

Using Weil’s bound,
∣∣S(n,m; c)

∣∣ ≤ σ(c)
√
gcd(n,m, c)

√
c get:

∑

d∈Z
(c,d)=1

g1

(d
c

)
g2

(d∗
c

)
e(dnξ1)

≪
(
‖g1‖L1 + ‖g′′1‖L1

){
‖g2‖L1

∑

k∈Z

(c, ⌊cnξ1 + k⌋)
1 + k2

+ ‖g′′2‖L1 σ(c)
√
c

}
.



Outline of proof of Theorem 1
Step 3: Proving cancellation in the sum

Using Weil’s bound,
∣∣S(n,m; c)

∣∣ ≤ σ(c)
√
gcd(n,m, c)

√
c get:

∑

d∈Z
(c,d)=1

g1

(d
c

)
g2

(d∗
c

)
e(dnξ1)

≪
(
‖g1‖L1 + ‖g′′1‖L1

){
‖g2‖L1

∑

k∈Z

(c, ⌊cnξ1 + k⌋)
1 + k2

+ ‖g′′2‖L1 σ(c)
√
c

}
.

Apply to
∑

d∈Z
(d,c)=1

ν

(
−d
c︸︷︷︸
+ y cotφ

)
f̃n

(
d∗

c︸︷︷︸
− sin 2φ
2c2y

,
sin2 φ

c2y
, φ

)
e
(
dnξ1

)
︸ ︷︷ ︸.

Use also:

∣∣∣∣
( ∂
∂u

)k1( ∂
∂v

)k2( ∂
∂φ

)k3
f̃n(u, v , φ)

∣∣∣∣≪m,k ‖f ‖Cm+kb
n−mv

m
2−k1−k2.



Outline of proof of Theorem 1
Step 3: Proving cancellation in the sum

For ξ1 of Diophantine type K ≥ 2 (viz.,
∣∣∣ξ1 −

p

q

∣∣∣≫ q−K, ∀q∈ Z+, p ∈ Z),
we conclude:

∫

R

f

(
Γ (12, ~ξ) u(x)

(√
y 0
0 1/

√
y

))
ν(x) dx =

∫

Γ\G
f dµ

∫

R

ν dx

+Oη,ε,ξ1

(
‖f ‖C8b‖ν‖

1−η
W1,1
‖ν‖η

W2,1

)
y−ε+min(

1
4,
1
K ).



Outline of proof of Theorem 1
Step 4: The case of nξ1 near rational

For nξ1 (near) rational,
∑

d∈Z
(c,d)=1

g1

(d
c

)
g2

(d∗
c

)
e(dnξ1) is not small!

Simplest example: If nξ1 ∈ Z then
∑

d∈Z
(c,d)=1

g1

(d
c

)
g2

(d∗
c

)
e(dnξ1) = ϕ(c)

(∫

R

g1

)(∫

R/Z

g2

)

+O
(
‖g1‖L1 + ‖g′′1‖L1

)(
‖g2‖L1 + ‖g′′2‖L1

)
c
1
2+ε.

Similarly pick up “main term(s)” whenever nξ1 is near rational!



Outline of proof of Theorem 1
Step 4: The case of nξ1 near rational

For nξ1 (near) rational,
∑

d∈Z
(c,d)=1

g1

(d
c

)
g2

(d∗
c

)
e(dnξ1) is not small!

Then use also the summation over c , and the factor “e(−cnξ2)”!
∞∑

c=1

e(−cnξ2)
∑

d∈Z
(d,c)=1

e
(
dnξ1

)
f̃n

(
d∗

c
− sin 2φ
2c2y

,
sin2 φ

c2y
, φ

)
ν

(
−d
c
+ y cotφ

)

︸ ︷︷ ︸

(Simplest example: If nξ1 ∈ Z then  
∑∞
c=1 e(−cnξ2)ϕ(c).)

· · · · · · · · · �


