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Set G =ASL(2,R)=SL(2,R)x R?
with (Ml, \71)(M2, \72) = (MlMQ, \7le -+ \72)

G acts from the right on R? by affine linear maps:

V(M, V) = yM+V, for (M, V) € G, y € R°

Set [ =ASL(2,Z)=SL(2,Z)x Z?

X =T\G;

1 = Haar measure on G; u(X) = 1.
X is a torus bundle over Y = To\Gy = SL(2,Z)\ SL(2, R).
Projection map X — Y, [(M,V)— (M.

Fiber over ToM:  {I(1,, V)M : V € Z*\R?}.



X can be identified with the space of affine unimodular lattices in R?, through
g Z%g, ie. T[(MV)—Z>M-+V
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OR: X may be identified with the space of pairs

(L, V) : L unimodular lattice in R?, and vV € R* mod L
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Unipotent orbits in X

Set

u(x) = (é >1<) = ((é >1<> (0, O)); an Ad-unipotent subgroup of G.

But there exist other Ad-unipotent subgroups not conjugate to u(R):

X > (((1) >1<)  (2ax, ax2)> any fixed o # 0.



Unipotent orbits in X

Set

u(x) = (é )1<) = ((é )1<> (0, O)); an Ad-unipotent subgroup of G.

0= (5 1/05)

Forany € € R?, y € R.g, consider the u(IR)-orbit (1o, g)a(y)u(R) in X.

Note u(x)a(y) = a(y)u(x/y); hence| (12, €)a(y)u(R) =T (1, €)U(R)a(y) |

and: projects to a closed horocycle in Y = SL(2,Z)\ SL(2,R), length 1/y.

Do the a(y)-push-forwards of any fixed piece {I'(1,, Hu(x) 1 a < x < G}
become asymptotically equidistributed in (X, ) as y — 07



Unipotent orbits in X

u(x) = (é ){) = ((é )1<> (0, O)); an Ad-unipotent subgroup of G.

0= (5 1/05)

Forany £ € R?, y € R., consider the u(R)-orbit F(lz, g)a(y)u(R) in X.

Note u(x)a(y) = a(y)u(x/y); hence| I (12, €)a(y)u(R) =T (12, )U(R)a(y) |

and: projects to a closed horocycle in Y = SL(2,Z)\ SL(2,R), length 1/y.

Do the a(y)-push-forwards of any fixed piece {I'(1,, Hu(x) 1 a < x < G}
become asymptotically equidistributed in (X, ) as y — 07

Answer: Yes if.f. £ ¢ Q2.



So, we have, forany £eR2\Q? a<pB, feCyX):
6]
im —— / (128 u(x) a(y)) dx :/ fdu

y—>O,B—Oé a X

(Consequence of Ratner's measure classification; special case of Shah 1996;
cf. also Elkies & McMullen 2004.)

On the other hand, If 56 Q2 let g = d({?), the “denominator” of §
Then {I(12,€)u(x)a(y) : a < x < B} is a piece of a closed horocycle

In the 3-dimensional homogeneous subspace

Xq = {[(1o, )M : M ESL2,R), 7€ Q2 d(V)=q}

=T1(g)\SL(2, R),

and we have

T /ﬁf(r(lz,f)u(x)a(y))dX:/ f dis

y—>0,B—O£ o Xg




Effective result — using Marqulis’ thickening technique?
We wish to prove that, if £ ¢ Q2, then

5_a/jf(r(12,§) u(x) a(y)) dX—>/deM, .y 0

with an explicit rate!

Note that the flow a(R}) on X =T\G is HYPERBOLIC, with

unstable manifolds (for y — 0) generated by (((1) Ii&) (0, R))

(different rates of expansion!)

stable manifolds generated by ((I:RL{ 2) (R, O))”

(different rates of contraction!).

The thickening technique could certainly be applied to study a 2-dimensional
average,

— / /J A2 &) utx)aly)) dxdey  as y —0;

however for our I-dimensional average it does not work.



Connecting with Dolgopyat’s (more standard) notation

Let G = {(M, V) : M e SL(2,R), vV column vector € ]R{Q}, with multiplica-
tion (M1, v1)(Ma, o) = (M Mo, MyVo + V).

Action G x R2 = R?: (M, V) u := Mu + V.
Let T = G(Z).

Key claim: For (x, o) uniformly random in (R/Z)?, the distribution of the
random affine lattice

= (") (05) (74 0))
= (N 1/N) (é ?) (12’ (g)) "

tends to “Haar” on G/T, as N — oc.



Anti-isomorphism:
rese (2 () (%))

This comes from embedding G and G in SL(3, R) through (M, V) — (M V),

0 1
B M 0 . . .
resp., (M, V) — o1 and then consider the anti-automorphism

w0\ +{w?to
g|—>(0 1)9 (O 1) of SL(3, R).

Using J, we get an identification map G/I = X = G/I,  Tg— J(g)/T.
. (x) . ==
This maps Ly, in G/ to
1 —o 1/N 0O .
(12, (0, —x)) (O 1 ) ( é N) =T(15, (0, —x))u(—a)a(y) in X =T\G,

with y = N72. Hence we get back the equidistribution statement for (x, )
uniformly random in (R/Z)?.



But also, the more difficult (Shah 1996) equidistribution statement gives:

Theorem: Let Vy(x, o, c) = #{1 <n<N: x+nae[-c/N, C//\/]}.

Then for any fixed ¢ > 0, fixed irrational x, and o uniformly random in any

N—o00

fixed interval in R/Z,  Vi(x, o, ¢) = Vo).




Effective equidistribution, for 1-dim unipotent in X =T\G

Theorem 1 (S, '15) ForanyO<y <1, €€ R? a<pB, f e C3X):
1 (P -
soa [ (M ueoam) ax- |

:B_aa X

fdu‘

[ 1 1—¢
<e lflleg 5o (b ) +5%)
where L = max(1, |a|, |3|) and

&)

b{,L(y) = max min 2 Lqlatr) qlats)

qeZt

(Here (-) =distance to nearest integer.)




Effective equidistribution, for 1-dim unipotent in X =T\G

Theorem 1 (S, '15) ForanyO<y <1, €€ R? a<pB, f e C3X):
1 (P -
soa [ (M ueoam) ax- |

:B_aa X

fdu‘

[ 1 1—¢
<e lflleg 5o (b ) +5%)
where L = max(1, |a|, |3|) and

&)

b{,L(y) = max min 2 Lqlatr) qlats)

qeZt

(Here (-) =distance to nearest integer.)

:bgL(y)ﬂO] = ¢ Q2

: bgL(y) <ylasy —=0 ] if £ has Dioph. type K and § = min(%, K1),

(Def: £ is of Diophantine type K iff 3¢ > 0: Vq € Zt: Vm € 72
1€ =g 'l > cqg )




Consequence for orbits of a FIXED point

Theorem 2 (S, '15) Foranyge€ G, T > 2, f € C3(X):

1

?/ A(rgu(t)) dt - | £ dul < ey (30T + b,))" "

where
vo(T) = T ! Heighty (Fga(T))

and

. B 1
by(T) = mf{é >0 : (Vq = Z;;—l/z - (¢g7'7Z%g N 5—6129%7 = (Z))}

where R = [-T 1, T x [-1,1].




Consequence for orbits of a FIXED point

Theorem 2 (S, '15) Foranyge€ G, T > 2, f € C3(X):

1

?/ F(rgu(t) de - | £ dul < ey (30T + b,m))" "

vo(T) =T~ ' Heighty (Fga(T)) (cuspidal height in Y).

vo(T) 550 |

<

Fg ’ I
//N, m(Fgu(R)) is not closed in Y'.




Consequence for orbits of a FIXED point

Theorem 2 (S, '15) Foranyge€ G, T > 2, f € C3(X):

1

?/ F(rgu(t) de - | £ dul < ey (30T + b,m))" "

. N 1
by(T) = mf{c‘i >0 : (Vq € Z;;—l/z - (q7*Z%)gn 6—q29%7 = @) }

where Rr = [T 1, T x [-1,1].

N




Consequence for orbits of a FIXED point

Theorem 2 (S, '15) Foranyge€ G, T > 2, f € C3(X):

1

?/ F(rgu(t) de - | £ dul < ey (30T + b,m))" "

by(T) = inf{cS >0 (Vq €2t (G Z)g 0 5—;29%7 = @) }
where Ry = [T 1, T x [-1,1].
J |
‘ [ J
° T—00
(g ¢ . © | T) =0
(q = 2) o . [ _ - —
. o8 . Q%9 ({0} x R) = 0.
° . o
. o
[ . °




Consequence for orbits of a FIXED point

Theorem 2 (S, '15) Foranyge€ G, T > 2, f € C3(X):

1

?/ F(rgu(t) de - | £ dul < ey (30T + b,m))" "

If yo(T) 40, by(T) # 0: [gu(IR) closed.

If yo(T) — 0, by(T) /4 O: Fgu(R) "=" T1(q)\SL(2,R), some g € Z™.

If yo(T) 4 0, by(T) — O: [gu(R) is 2-dimensional.

1

For u-a.e. g € G: (yg(T)% + by(T))? <« T-501-9) as T — o0,



Related results
Browning — Vinogradov ('16): For u(x) = ((é ){)  (3x, %X2)).

S — Vishe ('16): SL(2,R) x (R?)®*, special orbits of u(x).
S — Sédergren — Vishe (in progress) SL(2, R) x (R?)®%, general orbits of u(x).

W. Kim ('21): SL(d,R) x RY (expanding translates of lifts of horospheres in
SL(d, R)).

Lindenstrauss — Mohammadi —Wang ('22): SL(2, R)xSL(2,R) and SL(2, C).
Lei Yang ('22): Special unipotent orbits in SL(3, R).

Lindenstrauss — Mohammadi — Wang — Yang ('24): (Other) special unipotent
orbits in SL(3, R).



Recall:

Theorem 1 (S, '15) ForanyO<y <1, €€ R? a<p, f e C¥X):

|5ia/jf(r(12,§) u(x) a(y)) dX—/deu‘
<e Il [ﬁ(ba(y) +y%)1_8,

where L = max(1, |a|, |3|) and

(s )

bE,L(y) = max min 2 Lqlaty) qlats)

qeZt

(Here (-) =distance to nearest integer.)




Outline of proof of Theorem 1

Preliminary step: Replace B dx by a smooth integral “ |, ---v(x) dx".
a R

Theorem 1’ Fix0<m < 1ande >0.
Then for any f € C3(MN\G), v € C3(R), £ € R%, 0 < y < 1.

/Rf(r(lz,g) u(x) a(Y)) v(x) dx:/r\GfdM/R,/dX

+Ong{nfnceuuuwl1||u||W21y4 0g(1+ )+ IFllcal W]l (Be (1) + ¥

INTEN

el

where L is the smallest real number > 1 such that supp(v) C [—L, L].




Outline of proof of Theorem 1
Step 1: Fourier decomposition in the torus T° = Z°\R?

Given f € C3(X); view f as a left -invariant function on G.

f((lz M) = (12, €+ M)M),

"€ lives in T2 = Z?\R?".

Fourier expand w.r.t. {

with (M, @) = /T2 F((10, EYM)e(—mi - &) dE.

The [ -invariance of f implies:

v€ e R2, M € SL(2,R), i € Z?,

f((12,E)M) =

> F(M, m)e(ri-€) |

meZ2

(M € SL(2,R), m € 72).

e(x) — e27r/x

F(TM, @) = f(M, @TY), VT € SL(2, 7).




Outline of proof of Theorem 1
Step 1: Fourier decomposition in the torus T° = Z°\R?

The Minvariance of f implies: | F(TM, @) = f(M, mT-1), VT €SL(2, 7).

The orbits of SL(2, Z) acting on Z? by m — T m are:
{0}, and {(ml, m>) : gcd(mq, my) = n} for n=1,2,3,....

Hence: Set| f, == 1?( (n,0)) | for n € Z>g; these determine all f( m)!

~

fo is left SL(2, Z)-invariant, i.e. “lives on Y = SL(2,Z)\ SL(2, R)"

Vn>1: f, s left (é %)—invariant, l.e. “lives on (é ?) \SL(2,R)".



Outline of proof of Theorem 1
Step 1: Fourier decomposition in the torus T° = Z°\R?

Set | f,(M) :=f (M, (n,0)) |for n € Z=g and M € SL(2, R).

—

Now the Fourier expansion f((1,, §)M) = Z z?(M, m)e(m - £) is collected

. meZ2
INto:

(e om =i +3 7 ((L ) M) etntat - ce

n=1 (¢ d)eZz2

where 72 is the set of primitive vectors in Z2, and (i 2) e SL(2,7Z) (any

choice).



Outline of proof of Theorem 1 -
Step 2: Evaluate 'horocycle integral’ in terms of fy, f1, 5, .. ..
Our integral:

[ (raadue)a)) v dx

(5 7)

+§: > e(n(dé; - cgz))/i (C Z}) (? f?%)) v(x) dx.

" (§)e )

Recall that fy lives on Y = SL(2, Z)\ SL(2, R). Hence:

[5(-)oax= [ Taur [[vaxs oI+ 1) Il y2).
R % Jr

N\

N~

:/fdu
X

(cf. Flaminio & Forni, '03 or ' S, '13).




Outline of proof of Theorem 1 -
Step 2: Evaluate 'horocycle integral’ in terms of fy, f1, 5, .. ..

Remains to bound:

§O: > e(n(dér - cgz))/Rﬁ, ((i :;) (? T?%)) v(x) dx.

=1 (§)ez

Recall that f, lives on M = (1) %) \ SL(2, R);

write f,(u, v, ¢) = f, ((é ;/) (? 1/%) (Z(i)ﬂsg zsisnf))

with u € R/Z, v >0, ¢ € R/27Z.

(i 3) {x+iy : xeR} for c #0,

In the u, v-plane: 1

c2y

(here a = d* mod ¢, a multiplicative inverse of d)

0| o



Outline of proof of Theorem 1 -
Step 2: Evaluate ’horocycle integral’ in terms of 1y, f1, 5, . . ..

For given n, ¢ > 1, wish to bound:

s e [5((23) (4 129) o




Outline of proof of Theorem 1 -
Step 2: Evaluate ’horocycle integral’ in terms of 1y, f1, 5, . . ..

For given n, ¢ > 1, wish to bound:

e [5((5) (£ 50) o

deZ <

(d,c)=1
T /d* sin2¢ sin®¢ d y do
— fn - ' y -
/o (C 2c?y " c?y (p) I/( c +yC0t¢) sin’ ¢




Outline of proof of Theorem 1 -
Step 2: Evaluate ’horocycle integral’ in terms of 1y, f1, 5, . . ..

For given n, ¢ > 1, wish to bound:

5 e [1((5) () oo

deZ
(d,c)=1

m ~[(d* sin2¢ sin®¢ d y do
:/o Z e(dngl)fn(c — 23y, 2y ,qb) u(—;%—ycotqﬁ) sin2<p

dez
(d,c)=1




Outline of proof of Theorem 1 -
Step 2: Evaluate 'horocycle integral’ in terms of fy, f1, 5, .. ..

For given n, ¢ > 1, wish to bound:

> et [ 7((c2) (377)) w0

deZ

(d,c)=1
d*  sin2¢ sin’¢ v do
[ L)L) e 2
(d,c)=1

. d d*
Hence, the task is to bound Z a1 (Z> g (?) e(dn&q) |

de’
(c,d)=1

for g € C2(R), g» € C*(R/Z), and ¢ > 1 large.




Outline of proof of Theorem 1

Step 3: Proving cancellation in the sum

For g1 € C2(R), g» € C3(R/Z), ¢ > 1 large:

Z g1 (g) 92 (d*> e(dn&y)

C
deZ
(c,d)=1

= ¥ (ZalGrme(e(;

C
de(Z/cz)* SméeL.

+ m) ngl)>

Ve

7

JEZL

say = Z aje(j%)

= Z Z ajka(j, /(; C),

JEL KEZ

where S(J, k; ¢) is the Kloosterman sum,

=3 bie(K)

kel

S, k;c) =

2

de(Z/ )

d
e(j— + k
C

C

)




Outline of proof of Theorem 1
Step 3: Proving cancellation in the sum

Using Weil's bound, ‘S(n, m; C)] < o(c)v/gcd(n, m, c)v/c get:

Z 91 (g) 92 (%) e(dn&)

deZ
(c,d)=1
(¢, [en&i + k)
< (nglnw||91'HL1){H92HL1 > e ldla(ovey.

keZ



Outline of proof of Theorem 1
Step 3: Proving cancellation in the sum

Using Weil's bound, ‘S(n, m; C)] < o(c)v/gcd(n, m, c)v/c get:

Z 91 (g) 92 (%) e(dn&)

deZ
(c,d)=1
k
< (lgilo +lflo) { el 3= 1D gt o(epve |

keZ

* ' .2
Apply to Z (—— +ycotq§) (d sm2q§,sm (p,qb) e(dn&y).

= . C _C ., 2c?y’ c?y
(d,c)=1

(g)kl(g)kz( 0 >k3~(u v, qb)‘ K k ||fHCm+kn y2ki—k

Use also: e 5y 36




Outline of proof of Theorem 1
Step 3: Proving cancellation in the sum

For &, of Diophantine type K > 2 (viz., |€1 — §| > q X, Yae Zt, p € 7),

we conclude:

[r(rau (7 125)) voox= [ rau [vax

_ 11
+0nce, (IFlcall vz )y =+,



Outline of proof of Theorem 1
Step 4: The case of n&; near rational

. d d* .
For n&; (near) rational, % g1 (E> 9> (?) e(dn&q) is not small!
(c,d)=1

Simplest example: If n&; € Z then

5 0% et w0 [ ) ([ )

deZ
(c,d)=1

1
+O(llgills + g1l 2) (Ngall + il 2 ) e+

Similarly pick up “main term(s)” whenever n&; is near rational!



Outline of proof of Theorem 1
Step 4: The case of n&; near rational

| d d* |
For n&; (near) rational, Z g1 (E> 9> (?) e(dn&q) is not small!

dez
(c,d)=1

Then use also the summation over ¢, and the factor “e(—cné&,)"!

d*  sin2¢ sin d
Yelents) 3 elant)i( - 500 %0 ) oL+ yeoro)

de’
(d c)=1

7

Ve

(Simplest example: If n§; € Z then ~ >~ e(—cn&)p(c).)



